Entanglement generation and detection are two of the most sought-after goals in the field of quantum control. Besides offering a means to probe some of the most peculiar and fundamental aspects of quantum mechanics, entanglement in many-body systems can be used as a tool to reduce fluctuations below the standard quantum limit. For spins, or spin-like systems, such a reduction of fluctuations can be realized with so-called squeezed states. Here we present a scheme for achieving coherent spin squeezing of nuclear spin states in semiconductor quantum dots. This work represents a major shift from earlier studies in quantum dots, which have explored classical "narrowing" of the nuclear polarization distribution through feedback involving stochastic spin flips. In contrast, we use the nuclearpolarization-dependence of the electron spin resonance (ESR) to provide a non-linearity which generates a non-trivial, area-preserving, "twisting" dynamics, analogous to that introduced by Kitagawa and Ueda, that squeezes and stretches the nuclear spin Wigner distribution without the need for nuclear spin flips.
Entanglement generation and detection are two of the most sought-after goals in the field of quantum control. Besides offering a means to probe some of the most peculiar and fundamental aspects of quantum mechanics, entanglement in many-body systems can be used as a tool to reduce fluctuations below the standard quantum limit. For spins, or spin-like systems, such a reduction of fluctuations can be realized with so-called squeezed states. Here we present a scheme for achieving coherent spin squeezing of nuclear spin states in semiconductor quantum dots. This work represents a major shift from earlier studies in quantum dots, which have explored classical "narrowing" of the nuclear polarization distribution through feedback involving stochastic spin flips. In contrast, we use the nuclearpolarization-dependence of the electron spin resonance (ESR) to provide a non-linearity which generates a non-trivial, area-preserving, "twisting" dynamics, analogous to that introduced by Kitagawa and Ueda, that squeezes and stretches the nuclear spin Wigner distribution without the need for nuclear spin flips.
Recently, squeezing of the collective spin state of many atoms 1 was achieved using atom-light or atom-atom interactions 2-5 . The resulting reduced uncertainty can be used to enhance the performance of atomic clocks, and to achieve unprecedented precision of measurements in atomic ensembles. Similarly, the ability to generate squeezed states in a solid-state setting will open new avenues for quantum control of collective degrees of freedom at the nanoscale. In particular, due to the ubiquitous presence of randomly oriented and evolving nuclear spins in nanoscale solid-state devices [6] [7] [8] [9] [10] [11] [12] , future progress in spin-based information processing hinges on our ability to find ways of precisely controlling the dynamics of nuclear spins.
Recently developed experimental techniques provide a powerful toolkit for probing and controlling nanoscale groups of nuclear spins. The electron Zeeman splitting offers a sensitive way to detect the collective nuclear spin polarization through the Overhauser shift of the electronic spin states. This splitting can be measured accurately using spectroscopic 7, 11 or time-domain measurement techniques 9, 10, 12, 13 . Furthermore, the hyperfine coupling provides a means to control the nuclei through their interactions with electron spins. Using such means, the Tarucha group has reported nuclear spin polarizations of up to 40%
14 . Using optical pumping, even larger
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Causes squeezing of the nuclear polarization Wigner distribution FIG. 1: Nuclear spin squeezing in a quantum dot. a) An electron in a quantum dot, with the electron spin S coupled to a large group of nuclear spins {In}. Electron spin resonance is excited by microwave radiation applied in the presence of an external magnetic field. b) Flowchart describing the squeezing mechanism. c) Schematic depiction of twisting dynamics on the Bloch sphere, shown in a rotating frame where the mean polarization is stationary. We focus on short to intermediate times t0 t t1, where the phase space (Wigner) distribution is squeezed within a small region of the Bloch sphere, with uncertainty decreasing as 1/t beyond the standard quantum limit, Eq.(11). At longer times, indicated by t2, the distribution extends around the Bloch sphere, at which point maximal achievable squeezing is reached. For moderate initial nuclear polarizations p = 2I/N , significant squeezing can be achieved on the intermediate time scale t t1 (see text).
polarizations of up to 60% have been demonstrated 15 . It was proposed that fluctuations of the nuclear polarization can be "narrowed" through various schemes exploiting electron-nuclear feedback through controlling stochastic spin-flips of the nuclei [16] [17] [18] [19] [20] [21] . Recently, such methods have been successfully used to achieve narrowing by a factor of 5-10 in several systems 10, 11, 13, [22] [23] [24] . These techniques, together with the possibility of driving coherent nuclear spin rotations using externally applied RF fields [25] [26] [27] [28] [29] , can be used to explore a wide range of quantum phenomena with nuclear spins.
Here we describe a spin squeezing mechanism that can be employed in a variety of systems such as spins controlled by microwave radiation in quantum dots defined by electrostatic gates in two-dimensional electron gases 7 , mesas 30 , or nanowires 31 , or optically-controlled spins in self-assembled quantum dots or nanoparticles [9] [10] [11] [12] 15 . For concreteness, below we provide realistic estimates where appropriate using parameters relevant for gate-defined quantum dots in GaAs, but we emphasize that the situation appears similarly promising for these other types of quantum dot systems.
I. SPIN SQUEEZING IN QUANTUM DOTS
In a system comprised of many spins {Î n }, such as a quantum dot or an atomic ensemble, the collective total spinÎ = nÎ n is a quantum mechanical angularmomentum variable. Because different vector components ofÎ do not commute, they are subject to the Heisenberg uncertainty relations
and its cyclic permutations, where
The goal of squeezing is to reduce fluctuations in one spin component below the "quantum
(1) in the situation where the fluctuations are distributed equally between both orthogonal components. Quantitatively, a state is therefore said to be quantum mechanically squeezed along an axis z when the squeezing parameter
is less than one. Because the Heisenberg uncertainty principle must remain satisfied, a reduction of fluctuations ∆I z signified by ξ < 1 must be accompanied by an excess of fluctuations ∆I y above the quantum limit. In contrast to the situation in atomic ensembles where classical fluctuations of the collective total spin magnitudeÎ 2 can be negligible, however, additional fluctuations in nuclear spin states in quantum dots are unavoidable due to the abundance of nearly degenerate states with energy splittings much smaller than the temperature. Therefore, for typical states in quantum dots, the uncertainty relation (1) is far from being saturated. In a typical situation where the equilibrium state of N ≈ 10 6 microscopic nuclear spin-1/2 moments is completely random, the classical uncertainties ∆I y = ∆I z = √ N /2 are identical in magnitude to the quantum uncertainty in the maximally polarized (product) state with Î x = N/2, see Eq.
(1). 36 Below we consider an initial state prepared by polarizing nuclear spins to a fraction p of the maximal polarization, and then rotating this polarization into the equatorial plane of the Bloch sphere such that the mean spin points along x, Î x 0 = pN /2. Because the classical fluctuations in the orthogonal components of the initial state ∆I y,z 0 , which are not affected by dynamical nuclear polarization (DNP), are only a factor of 1 √ p larger than the quantum mechanical minimum fluctuations, ∆I y,z ≈ √ pN /2, only a modest amount of additional overhead is required in order to achieve squeezing down to the quantum limit.
We note that, for any mechanism of DNP, the extent of polarization p itself will contain fluctuations. Below we will check, and confirm, that such fluctuations do not present any significant additional challenges for squeezing.
In contrast to recent experiments which achieved spin squeezing through atom-light or atom-atom interactions 2-5 , in the mechanism that we outline below, the nuclear spins are driven through their interaction with a single electron spin. As we discuss, the effective squeezing Hamiltonian for nuclei is produced after motional-averaging of the quickly fluctuating, strongly driven electron spin. While the end results (squeezed collective spin states) of these approaches are similar, the physical mechanisms are quite different.
II. THE MODEL: SQUEEZING DYNAMICS
The underlying physics of the feedback mechanism can be understood most easily in the regime of fast dephasing of the electron spin, which is also a relevant regime for current experimental efforts. As depicted in Fig. 1a , we consider a single electron in a quantum dot, in contact with a large group of nuclear spins, {Î n }. The electron and nuclear spins are coupled by the hyperfine interaction H HF = n A nŜ ·Î n , whereŜ is the electron spin, and each coupling constant A n is proportional to the local electron density at the position of nucleus n. The electron spin is driven by an applied RF field with frequency close to the electron spin resonance in the presence of an externally applied magnetic field. Because the electron spin evolves rapidly on the timescale of nuclear spin dynamics, the nuclear spins are subjected to an effective hyperfine field (the "Knight field") produced by the time-averaged electron spin polarization. Feedback results from the dependence of the average electron spin polarization on the detuning from the ESR condition, which in turn depends on the nuclear polarization, see Fig. 1b .
To describe this regime, we model the system with the microscopic Hamiltonian (here and below we take = 1)
where ω Z is the electron Zeeman energy in the magnetic field, ω 0 is the nuclear Larmor frequency, and H el describes the driving of the electron spin and its coupling to an environment, which leads to fast dephasing and relaxation. For simplicity, here we consider a single species of nuclear spin, and take all hyperfine coupling constants to be equal, A n = A. The latter condition amounts to the assumption that electron density is approximately constant inside the dot, and zero outside. In this case, 6), and squeezing strength λ, Eq. (7), versus RF detuning δω from the ESR frequency. The average electron spin polarization depends onÎ z through the dependence of the detuning on the Overhauser shift, as indicated by the shaded region. Squeezing is most efficient for the detuning δω * =γ/ √ 3 where S z is most sensitive toÎ z , see text.
the electron spin couples directly to the total nuclear spin I = nÎ n , with the square of the total nuclear spin,Î 2 , conserved by the dynamics. The effects of non-uniform couplings will be discussed at the end. Due to the large mismatch between the electron and nuclear Zeeman energies, ω Z /ω 0 ≫ 1, below we ignore the "flip-flop" terms proportional toÎ +Ŝ− andÎ −Ŝ+ in Eq.(3). We begin by writing the Heisenberg equation of motion for the total nuclear spin operatorÎ,
When electron dephasing is fast on the characteristic time scale of nuclear spin dynamics, "motionalaveraging" allows the electron polarizationŜ z in Eq.(4) to be replaced by an operator-valued semiclassical mean polarization S z (Î z ) which depends on the nuclear polarizationÎ z through the Overhauser shift of the ESR frequency, c.f. Ref. 33 . In this regime, S z (Î z ) is simply determined by rate equations involving the occupation probabilities n + , n − of the up and down electron spin states:ṅ
is the (Î z -dependent) ESR transition rate with detuning δω between the driving frequency and ω Z , driving strength Ω, and electron spin dephasing rate γ ≡ 1/T 2 , while Γ 1 is the electron spin relaxation rate. Using this form for W , the steadystate solution of Eq. (5) gives
whereγ includes the effect of power broadening. (10), is squeezed along an axis z ′ , and stretched along an orthogonal axis y ′ (red). Within the mean-field approximation, phase space area is preserved.
III. RESULTS: SQUEEZING RATE AND EFFICIENCY
The connection with nuclear spin squeezing is elucidated by linearizing Eq.(6) in AÎ z around the optimal detuning δω * =γ/ √ 3 where S z is most sensitive to nuclearpolarization-dependent frequency shifts, see Fig.2 . Here the nuclear Bloch dynamics described by Eq.(4) can be mapped onto one of the canonical squeezing Hamiltonians proposed by Kitagawa and Ueda 1 : absorbing a constant term into the net nuclear Larmor frequency ω 0 , we obtain
withÎ 2 = I(I + 1), I ≤ N/2, conserved by the dynamics. The squeezing induced by Hamiltonian (7) is most simply illustrated by the evolution of a coherent nuclear spin state of length I initially oriented along x. For large I, semiclassical analysis shows that the quadratic term in Eq. (7) induces precession of the total spin vector about the z axis with a polarization-dependent Larmor frequency η = ∂H/∂I z = ω 0 + λI z . The resulting evolution has a "twisting" character, in which an area element on the Bloch sphere is stretched in one direction and squeezed in another, see Fig.1c . Squeezing becomes significant at times t t S = (|λ|I) −1 when the relative precession between the upper and lower edges of the corresponding "uncertainty region" becomes comparable to the width of the region. Using Eq.(6), and assuming that the spread of Overhauser shifts A∆I z is small compared to the width of the resonanceγ to ensure the validity of the linearization, we find
For an order-of-magnitude estimate of the squeezing time, we set Ω = Γ 1 = 1 5 γ. This choice selects the regime of moderately strong electron spin dephasing where the resonance is broader than the minimum value γ = 1 2 Γ 1 . In this practically relevant regime, the rate equations (5) and the motional-averaging approximation can be safely applied. Taking the 'intrinsic' width of the resonance to be twice larger than the typical Overhauser field fluctuations, γ ≈ A √ N , we obtain
Using a typical value of the hyperfine coupling for GaAs, A ≈ 0.1 µs −1 , we obtain t S,min ≈ 200 µs( √ N /I). The estimate for t S,min can be improved slightly by optimizing expression (8) with respect to driving power Ω. The fast relaxation rate Γ 1 ∼ A √ N can be achieved by working in a regime of efficient electron spin exchange with the reservoirs in the leads. We see that the squeezing time is inversely proportional to the initial length of the nuclear spin vector, i.e. the degree of nuclear polarization before squeezing.
IV. DISCUSSION: EFFECTS OF FLUCTUATIONS
To investigate the effects of classical fluctuations in the initial state, as well as the effect of time-dependent electron spin fluctuations around the steady state S z , we now analyze the evolution of the nuclear spin Wigner distribution. For a large initial polarization p, where I = pN/2, and for short to intermediate times t 0 t t 1 (see Fig.1c ), the "uncertainty region" associated with the nuclear state is small on the scale of the total spin and we can consider evolution in a locally flat patch of the Bloch sphere. Here the operatorsÎ y andÎ z approximately obey canonical commutation relations, and the initial nuclear spin state (polarized along x) is described by an isotropic 2D Gaussian Wigner distribution with width set by the initial transverse fluctuations, ∆I ≡ ∆I y,z 0 . Under the polarization-dependent precession generated by Eq. (7), the Gaussian Wigner distribution evolves to
where without loss of generality we set ω 0 = 0. The initial (isotropic) and evolved (squeezed) distributions are shown in Fig.3 . The quadratic form in the exponential in Eq. (10) is diagonalized in a suitably chosen orthonormal basis y ′ , z ′ (see Supplementary Material). As shown in Fig.3 and in Eq.(S5) of the Supporting Information, stretching in one direction (y ′ ) is accompanied by squeezing in the perpendicular direction (z ′ ), such that the phase space volume of the Wigner distribution is exactly preserved if fluctuations of the electron spin are ignored. For times t t S , see Eq. (8), the uncertainty ∆I of the squeezed component decreases as
Squeezing proceeds until long times when the phase space distribution begins to extend around the Bloch sphere, see Fig.1c . The curvature of the Bloch sphere imposes a limit on the maximum achievable squeezing.
1
To derive the squeezing time t S in Eq. (8), a coherent nuclear spin state with ∆I CSS = I/2 was used. As discussed above, however, when classical uncertainty in the nuclear spin state is included, the initial width of the Wigner distribution is given by ∆I = √ N /2. Given that the width ∆I of the squeezed component decays as 1/t, see Eq. (11), the effect of the classical transverse fluctuations is simply to increase the time required to reach a desired level of fluctuations by an order-one factor N/2I = 1 √ p . Besides fluctuations in the transverse components of the initial polarization, the DNP process used to prepare the initial nuclear spin state will also leave behind uncertainty in the length I of the net spin (typically with a scale much smaller than I itself). Because Eq.(10) describes angular precession with a rate which depends only on the z-component of the total spin, however, sections of the phase space distribution with constant I z but varying Bloch sphere radii I rigidly precess without growing. Therefore fluctuations in the initial polarization I do not pose a significant threat to squeezing.
In addition to uncertainty in the initial nuclear spin state, we must also consider the effect of time-dependent fluctuations of the electron spin about its mean-field value S z , Eq.(6). The mean-field approximation to Eq.(4) applies in the motion-averaged limit when the electron spin evolves quickly on the time scale of the nuclear spin dynamics, and hence the contribution of timedependent electron spin fluctuations is small. The residual effect of such fluctuations is to add a diffusive component to the nuclear-polarization-dependent precession induced by the time-averaged electron spin. As shown in the Supplementary Material, the diffusivity κ associated with this phase diffusion approximately goes as κ ∼ 1/Γ, where Γ ∼ W, Γ 1 is the characteristic rate of electron spin dynamics. Thus phase diffusion is indeed suppressed by motional-averaging when the electron spin evolves quickly on the timescale of nuclear evolution. At long times, the competition between coherent twisting dynamics, which squeezes fluctuations as 1/t, and phase diffusion, which tends to increase fluctuations as t 1/2 , slows down squeezing to ∆I ∼ t −1/2 , but does not prevent it.
The results above are based on a semiclassical meanfield treatment of Eq.(4) supplemented by electron-spinfluctuation-driven phase diffusion. This intuitive approach is quantitatively supported by a lengthier calculation based on the full density matrix of the combined electron-nuclear system, to be presented elsewhere 34 .
The more powerful density-matrix approach can also be used to study squeezing in the coherent (strong) driving regime of electron spin dynamics where the rate equations, Eq. (5), cannot be applied.
V. DISCUSSION: EXPERIMENTAL FEASIBILITY
Throughout the discussion, we have worked within the approximation of uniform hyperfine coupling A n = A, see Eq.(3), which is widely used for studying electron-nuclear coupling in quantum dots. More realistically, hyperfine coupling is strong near the center of the dot, where electron density is high, and weak at the edges. We note that similar variations in coupling occur in atomic ensembles when the size of the atom cloud is comparable to the wavelength of light 3, 33 . Squeezing has been demonstrated beautifully in that context, and thus it appears that the variation of couplings does not severely impact the effect.
For achievable polarizations of 20%, squeezing sets in after t S ∼ 2 µs, and fluctuations are suppressed by a factor of 10 within approximately 20 µs (neglecting phase diffusion). Due to classical fluctuations in the initial state, first 1 √ p -fold squeezing goes toward reaching the standard quantum limit, after which quantum squeezing proceeds. These timescales are 10 − 100 times shorter than the approximately 1 ms-scale nuclear coherence time recently measured in vertical double quantum dots 29 . It should thus be possible to squeeze the nuclear spin state faster than it decoheres.
All elements required for achieving and demonstrating squeezing have been realized experimentally in nanostructures at low temperature. Dynamical nuclear polarization can routinely be produced 14, 15 and controllably rotated using NMR pulses [25] [26] [27] [28] [29] , and the degree of squeezing can be ascertained through electron spin dephasing measurements 6, 9, 10, 12, 13, 35 . Coherent spin control has also been demonstrated in a variety of systems 7, 9, 12 . In paricular, we note that in Ref.
7 electron spin resonance was achieved by excitation using microwave magnetic fields, with driving amplitudes comparable to the random nuclear field acting on the electron spin, AδI. The corresponding transition rates W are of the order of 10 MHz. In order to reach the motional averaging regime, the electron spin relaxation rate, Γ 1 , must be comparable to the transition rate W , which can be easily accomplished by allowing cotunneling to the electron reservoirs next to the dot.
VI. CONCLUSIONS
In summary, squeezed states of nuclear spins can be produced in quantum dots via feedback provided by their hyperfine coupling to an electron spin driven close to resonance. Our squeezing mechanism applies equally well to gate-defined dots subjected to microwave driving of the electron spin, and to optically controlled spins in selfassembled dot ensembles. We have considered various physical effects that compete with squeezing, and estimated the timescale of squeezing. Our estimates indicate that squeezing is feasible and can be realized with current capabilities. Such schemes open the door to unprecedented levels of quantum control over collective degrees of freedom in nanoscale systems with mesoscopic numbers 10 4 to 10 6 of nuclear spins.
Here ∆I = ∆I y,z 0 characterizes the transverse fluctuations in the initial nuclear spin state.
For times t > 0, the circular Wigner distribution is deformed to an ellipse, with major and minor axes determined by the quadratic form Q in Eq.(A1). As shown in Fig.3 of the main text, stretching in one direction (y ′ ) is accompanied by squeezing in the perpendicular direction (z ′ ), such that the phase space volume of the Wigner distribution is preserved. The major and minor axes y ′ and z ′ , which lie parallel to the eigenvectors of Q, are rotated relative to y and z by an angle θ:
The angle θ can be found by extremizing the quantity
with respect to θ. Using the identity [1−tan 2 θ]/2 tan θ = cot 2θ, we find cot 2θ = λIt/2.
(A4)
Note that Eq.(A4) has two solutions θ 1,2 separated by 90
• , as expected for a symmetric form.
In the eigenbasis, we write To analyze phase diffusion, we need to calculate the generating function for spin fluctuations driven by updown and down-up switching. Denoting the two switching rates as W and W ′ , we can obtain the generating function for spin fluctuations during the time interval 0 < t ′ < t by approximating a continuous Poisson process by a discrete Markov process with a small time step ∆ ≪ W −1 , (W ′ ) −1 , t. We have χ(λ) = 1 1 T e i∆(λ/2)σ3 R ∆ N 1/2 1/2 (C1)
where W ′ = W + Γ 1 . Taking the limit ∆ → 0, N → ∞ we obtain an expression
The generating function (C2) provides a full description of the statistics of phase fluctuations, θ t = t 0 S Z (t)dt, by encoding all its cumulants:
with m 1 and m 2 giving the expectation value S z t and the variance (θ t − θ t ) 2 , respectively. The latter quantity yields the phase diffusion constant via m 2 = κt.
Matrix exponential e M can be evaluated by writing it in terms of Pauli matrices, M = x 0 + x i σ i , where
and we defined W ± = (W ± W ′ )/2. 
Crucially, the phase diffusion slows down when the switching rates W and W ′ grow, which justifies our motional averaging approximation.
